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Overview 

 
1.  Probability linkage overview 
2.  A statistical framework for linkage errors 
3.  Linear regression with linked data 
4.  Extension to estimating equations / logistic regression 
5.  Linking samples to registers 
6.  Linking nested registers 
7.  Application: ABS Census Data Enhancement project 
8.  Future research 
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Research questions 

 

What impact do errors in probability linking of records from 

different sources have on subsequent statistical analysis of the 

linked data? 

 

How should standard statistical methods, in particular regression 

modelling, be modified in order to minimise this impact? 
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Background 

 

·  Population of N units, indexed by �i =1,K ,N  

·  Response = scalar random variable Y 

·  Explanators = vector random variable X 

 

Linear regression model   EX Y( )= XTb  

          VarX Y( )= s 2 

Logistic regression model  PrX Y =1( )=
exp(XTb)

1+ exp(XTb)
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Estimation of b  straightforward given a random sample  of values 

of (Y, X) for units from this population 

 

We do not have such a sample – instead data are available from 

two linked population registers 

·  Y-register contains values of Y 

·  X-register contains values of X 

·  No unique identifier to link records from the two registers, so 

probabilistic record linkage  method used 
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Probabilistic record linkage 

  

Fellegi & Sunter (1969)  “Record Linkage is a solution to the 

problem of recognizing those records in two files which represent 

identical persons, objects, or events...”  

 

A set of observed variables present in both registers (matching 

variables ) is used to link records in order to maximise the 

probability that they refer to the same unit 
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Applications of record linkage 
 

·  Merging of large databases (e.g. before data mining) 

·  Removing duplicates in registries   

·  Generating longitudinal records from cross-sectional data 

·  Combining data sources (e.g. survey and register) 
 

A very active research area, with a focus on: 

·  Developing efficient and accurate matching algorithms 

·  Alternatives to the statistical theory of Fellegi-Sunter  

·  Effects of linkage error on statistical analysis  
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An early example  – Neter et al . (1965) 
 

·  Focus on confounding of linkage errors and response errors, 

with application to Netherlands Validation Study 

Reported 
Bank 
Balance 

Bank Balance from Linked Data 

Observed 
Relationship 
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·  Can observed ‘regression to the mean’ relationship between 

reported and linked bank balances be explained by linkage 

errors rather than response errors? 

 

·  Using a simple linkage error model (essentially the same as 

the one that we use later), they show that Pr(correct link) has 

to be less than 80% to ‘explain’ this behaviour, from which 

they conclude that response errors underpin discrepancies 
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Analysis framework 

 
·  Both registers are complete , with no duplications, so each 

contains N records 

·  All records on both registers are linked 

·  Can define categorical variable Z on both registers 

�  measured without error on both 

�  takes Q distinct values �1,2,K ,Q 

�  M q records in each register with Z = q (so N = M qq� ) 

�  referred to as a Blocking variable in what follows 
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Implications 
 

·  Block structure:  Linkage errors can only occur within ‘blocks’ 

�  record A on Y-Register with Z = zA and record B on X-

register with Z = zB must correspond to different units if 

zA ¹ zB, but zA = zB does not mean that A and B are the 

same unit 

·  Complete linkage:  Every record in block q of the Y-register is 

linked with a unique record in the same block q of the X-

register 
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Notation:  We index the records on the linked data set in exactly 

the same way as we index the X-register 

·  For each block q we have M q linked data pairs (yi
* ,X i ), where 

yi
*  denotes the Y-value from the record on the Y-register in 

block q that is linked to the record on the X-register in block q 

with value X i  

�  yq
*  = vector defined by the values (yi

* ; i Î q) 

�  X q = matrix with rows defined by the values (X i ; i Î q) 

�  yq = unknown vector corresponding to the ‘true’ Y values 

(yi ;i Î q) associated with X q 
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A Model for linkage error 

 

yq
* = A qyq 

 

A q is an unknown random permutation matrix of order M q, i.e. 

entries of A q are either zero or one, with a value of one occurring 

just once in each row and column 
 

EX (A q) = Eq 

 

Non-informative linkage   EX A qyq( )= EX A q( )EX yq( )= EqX qb  

 - i.e. records are mis-matched at random  given X 
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Example 

 

y =

y1

y2

y3

y4

y5
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0 0 1 0 0

0 1 0 0 0
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An exchangeable linkage error model 

 

Since linkage process maximises the probability that a ‘declared 

link’ is a ‘true link’, correct  linkages should be more likely than 

incorrect  linkages... 
 

·   Pr(correct linkage in block q) = l q 

·   Pr(wrong linkage in block q) = gq 
 

�

Eq = EX A q( )=

l q gq L gq

gq l q L gq

M M O M

gq gq L l q
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Implication 
 
Complete linkage within a block, so A q1q = A q

T 1q = 1q, e.g. 

 

A q1q =

0 0 1 0 0

0 1 0 0 0

0 0 0 0 1

0 0 0 1 0

1 0 0 0 0
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Immediately follows that Eq1q = Eq
T 1q = 1q, i.e. 

 

�

l q gq L gq

gq l q L gq

M M O M

gq gq L l q
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or equivalently 
 

l q + (M q - 1)gq =1

� gq =
1- l q

M q - 1
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For example, when M = 50 and l = 0.9=
44.1
49

 

 

�

E =
1
49

44.1 0.1 L 0.1

0.1 44.1 L 0.1

M M O M

0.1 0.1 L 44.1
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Linear regression 

 

Standard Approach:   Estimates b  as if y and y*  are identical, 

i.e. A  is the identity matrix 
 

b̂ * = (XTX)- 1XT y* = X q
TX qq�	
 �




- 1

X q
TA qyqq�	
 �


  

 

Biased  if linkage is not perfect... 
 

EX (b̂ * ) = X q
TX qq�	
 �




- 1

X q
TEqX qq�	
 �


 b = Db ¹ b  
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Bias-correcting the naive OLS estimator 

 

Motivated by approach of Scheuren and Winkler (1993) . If E is 

known, D is also known. Provided D- 1 exists, an unbiased  

estimator of b  is 
 

b̂SW = D- 1b̂ * = X q
TX qq�	
 �




- 1

X q
TEqX qq�	
 �


{ }- 1

b̂ *  

Assuming that X q
TEqX qq�  is of full rank 

b̂SW = X q
TEqX qq�( )- 1

X q
T yq

*

q�( ) 
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An unbiased OLS estimator 

 

Lahiri and Larsen (2005)  
 

EX yq
*( )= EX A q( )EX yq( )= EqX qb = H qb  

 

OLS estimator  based on this ‘corrected’ model matrix is 

unbiased... 
 

b̂LL = H q
THqq�( )- 1

Hq
T yq

*

q�( )
= X q

TEq
TEqX qq�( )- 1

X q
TEq

T yq
*

q�( )
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Efficient linear estimation using linked data 

 

Regression errors under corrected model are not  homoskedastic. 

Their behaviour varies from block to block, reflecting the impact of 

different amounts of linkage error in different blocks 

 

VarX yq
*( )= EX A qVarX yq( )A q

T{ }+VarX A qEX yq( ){ }
= EX A q s 2I q( )A q

T{ } +VarX A qX qb( )
= s 2EX A qA q

T( )+VarX A qfq{ }
= s 2I q + Vq

= Sq
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Best linear unbiased estimator 

 

b̂BL = Hq
T Sq

- 1Hqq�( )- 1

H q
T Sq

- 1yq
*

q�( )
= X q

TEq
T Sq

- 1EqX qq�( )- 1

X q
TEq

T Sq
- 1yq

*

q�( )
 

 

�  depends on Sq, and hence on s 2 and b  

�  substitute ŝ 2 for s 2, V̂q for Vq – then iterate.... 
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Estimating the finite population regression paramet er 
 

Kovacevic (2008) : If we knew yq, our ‘best’ estimate of b  would 

be its OLS estimate 

B = X q
TX qq�( )- 1

X q
T yqq�( ) 

 

Look for an estimator based on the linked data  that is unbiased 

for B given the correctly linked population values... 
 

EYX B̂( )= B 

Note:  None of b̂SW , b̂LL , b̂BL  have this finite population property 
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Consider class of estimators that can be written in the form 

 

B̂ = X q
TX qq�( )- 1

X q
TK qyq

*

q�( ) 
 

K q = Eq
- 1 � EYX B̂( )= X q

TX qq�( )- 1

X q
TK qEqyqq�( )= B 

 

Leads to 

b̂MK = X q
TX qq�( )- 1

X q
TEq

- 1yq
*

q�( ) 
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Some model-based simulation results 

 

·  Three blocks, M1 =1500, M 2 = 300 and M 3 = 200, with 

independent exchangeable linkage errors in each block 

·  Two scenarios: 

o l q correctly specified ( l 1 = 1.0, l 2 = 0.95, l 3 = 0.75) 

o l q estimated by ˆl q = min mq
- 1 mq - 0.5( ),max M q

- 1,lq( ){ }, with 

lq equal to the number of correct links in a random sample 

of mq = 20 linked records in each of blocks 2 and 3 

·  yi =1+ 5xi + ei , with �xi : U[0,1]  and �ei : N(0,1) 
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Estimator Relative Bias Relative RMSE Coverage 

 Intercept Slope Intercept Slope Intercept Slope 

Scenario 1: Linkage probabilities correctly specifi ed 

TR -0.27 0.05 4.56 3.50 94.7 95.3 

ST 7.82 -3.19 9.14 8.05 61.9 51.9 

SW -0.33 0.07 4.84 3.83 95.3 95.0 

MK -0.33 0.07 4.95 3.96 95.1 95.8 

LL -0.33 0.07 4.80 3.77 95.0 95.1 

BL -0.31 0.07 4.81 3.76 94.4 94.3 

Scenario 2: Linkage probabilities estimated from au dit sample  

TR 0.27 -0.12 4.41 3.35 95.0 95.4 

ST 8.41 -3.38 9.67 8.42 57.6 46.3 

SW -0.05 0.00 5.28 4.27 96.9 96.0 

MK -0.46 0.16 5.88 4.86 96.9 96.0 

LL 0.20 -0.10 5.01 3.99 96.5 96.0 

BL 0.46 -0.21 4.77 3.71 95.5 95.7 
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Estimation errors – slope 
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Comments 

 

·  When l q is known (or estimated unbiasedly) all adjusted 

estimators of b  are unbiased, with BL (EBLUE) the most 

efficient and MK (finite population unbiased) the least 
 

·  Estimated variances for the adjusted estimators of b  include 

an extra component in the ‘filling’ of the sandwich estimator. 

This estimates the additional contribution to variance when l q 

is estimated. Without it, CI coverage is not good!  
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Audit sample issues 

 

·  Do smaller audit samples increase bias?  

�  some evidence of small bias (1 - 2.5%) for SW & MK 

estimators only when clerical sample is as small as 10; LL 

and BL are fine. 95% CIs are solid 

 

·  Do smaller audit samples substantially increase the  

variance?  

�  some but not substantially (more in a bit) 
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What is the impact of the size ( m) of the clerical sample? 

 

  Increase in variance 
relative to ‘true’ OLS  

Known l q 7 – 11% 

Estimated l q, mq = 50 9 – 13% 

Estimated l q, mq = 25 12 – 23% (33% for MK) 

Estimated l q, mq =10 15 – 30% (>60% MK) 
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How low can we go? 
 

10 records out of 200 is a 5% sample and, in the real world, 

nobody wants to undertake a 5% sample of an administrative 

database .... 
 

So for a population size of 10000 (blocks of 5000, 3000, 2000) 

and an audit sample of just 10 in each block: 

·  Estimators still look good in terms of bias (esp. LL and BL) 

·  Variances are 35 – 45% higher than ‘true’ OLS (>100% for 

MK) 

·  95% CIs are too wide (97 – 100% coverage) 
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Applying in practice:  The LinkReg SAS macro 

 

Code applying theory initially developed in R 

 

In practice, analysis of probabilistically linked data will involve 

hundreds of thousands, even millions, of records .... 

 

A means of efficiently fitting linear models to linked datasets of 

this magnitude is necessary for Statistics New Zealand to take 

advantage of theory developed in project 
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The details 

 

%LinkReg (INDATA=dataset, Y=y-variable, 

X=x-variable, BLOCK=block-variable,  

LAMBDA= � -variable, ESTLAMBDA=0/1, 

MQSAMP=clerical-sample-size-variable, 

COVEST=0/1, OUTLIB=output-library) 

 

A linear model with 10 X variables and a million ob servations 

takes less than a minute to fit 
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What You Get 

 

Printed output: 

·  Model specifications 

·  Three ‘experimental’ R-square values 

·  Coefficients, SEs, Z-values and p(Z) 

·  Covariance matrix of the estimates by request 

Output datasets: 

·  _linkbeta, containing coeffs and SEs 

·  _covest_??, containing the cov matrix 
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Logistic regression 

 

Y is binary  with E Y =1 X = x( )= Pr Y =1 X = x( )=
exp(xTb)

1+ exp(xTb)
 

 

Put fq b( )= E yi x i( ); i Î q{ } =
exp(x i

Tb)
1+ exp(xi

Tb)
;i Î q

�
�
�

�
�
�
. Then, given yq, 

we usually estimate b  as the solution to the ML estimating 

equation  
 

X q
T yq

* - fq b( ){ }q� = 0 
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Estimating functions with linked data 

 

Unbiased estimating function given correctly-linked  data 

H(q) = Gi (q) yi - fi (q){ }
i=1

N

� = Gq(q) yq - fq(q){ }q�  

 

When used with probability-linked  data, this becomes 
 

H * (q) = Gq(q) yq
* - fq(q){ }q�  
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Estimating function is no longer unbiased... 
 

EX H * (q0){ }= Gq(q0) Eq - I q( )fq(q0){ }q� ¹ 0 

 

A bias-corrected estimating function 
 

Hadj
* (q) = H * (q) - Gq(q) Eq - I q( )fq(q){ }q�

= Gq(q) yq
* - Eqfq(q){ }q�
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Application to logistic regression 

 

Estimating equation   Gq(b) yq
* - Eqfq(b){ }q� = 0 

 

Choosing Gq(b) 

 

M (defines MLE when data are correctly linked): Gq(b) = X q
T  

 

A (leads to LL estimator in linear model): Gq(b) = X q
TEq

T  

 

C (second-order optimal, leads to BL estimator in linear model) 
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Some simulation results 

 

·  Same set up as in previous simulation – i.e. three blocks, 

M1 =1500, M 2 = 300 and M 3 = 200, with independent 

exchangeable linkage errors in each block 

·  Same l qs as before (l 1 =1.0, l 2 = 0.95, l 3 = 0.75) 

·  Results provided for two cases: l q known and l q estimated by 

ˆl q = min mq
- 1 mq - 0.5( ),max M q

- 1,lq( ){ } 

·  logit E yi xi( ){ }=1- 5xi , with �xi : Uniform[0,1] 

·  yi = I U i £ E yi xi( ){ }, with �Ui : Uniform[0,1] 
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Focus on estimation of slope parameter 
 

Estimator Relative Bias Relative RMSE Coverage 

Scenario 1: Linkage probabilities correctly specifi ed 

TR 1.99 9.27 95.4 

ST -8.91 11.70 73.2 

M 2.68 12.34 96.1 

A 2.68 12.26 96.3 

C 2.44 11.20 95.4 

Scenario 2: Linkage probabilities estimated  

TR 2.37 9.87 96.8 

ST -8.53 11.83 76.0 

M 5.74 20.10 97.6 

A 3.31 15.77 96.8 

C 2.57 12.53 95.6 
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Estimation errors – slope 
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Comments 
 

·  All three adjusted estimators are unbiased if l q known or 

estimated unbiasedly, with C the most efficient performer and 

M the least efficient 
 

·  Differences in efficiency are not as pronounced as in linear 

case, most probably because linkage error does not 

automatically result in measurement error when Y is binary 
 

·  Again, estimated variances include extra component to allow 

for estimation of l q.  Without this component, coverage is 

reduced, but effect is not as pronounced as in linear case 
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Sample to register linkage 

 

First link  Y and X-registers (at least conceptually), then take 

sample  from X-register (equivalent to sampling from linked 

population register), so data = ysq
* ,X sq( ) with sample weights wsq 

�  sampling and linkage processes are independent  

�  may also have access to summary statistics from unlinked 

registers, so data could also include yq,xq 

�  weighted (pseudo-likelihood) methodology investigated (no 

population summary data) 
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X,Y( )=

x1R y1R

x2R y2R

x3R y3R

x1S y1S

x2S y2S

x3S y3S
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�
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��
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Nested linkage 

 

One register is a subset of the other, so only one register can be 

‘completely’ linked 
 

(1)  X-register is a subset of the Y-register 

(2)  Y-register is a subset of the X-register 
 

�  sampling and linkage processes are not independent  

�  sample to register linkage where sample  is first selected, 

then linked  to register is a special case of nested linkage 

... 
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X,Y( )=

y1A

y2A

y3A

x1B y1B

x2B y2B

x3B y3B
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ABS Census Data Enhancement project 

 

Statistical Longitudinal Census Dataset (SLCD) 

 

�  5% sample of 2006 Census person records linked to their 

corresponding 2011 Census records without  use of 

names and addresses 

�  “Substantial opportunity for longitudinal analysis at a 

relatively small geographical level while maintaining the 

ABS’ strong commitment to maintain the confidentiality of 

its Census respondents” 
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Problem 1:  Will the linked records really be a random sample? 
 

�  who will SLCD data ‘represent’ in 2011? 
 
 
Problem 2:  How accurate will the linkage be? 
 

�  linkage errors are a particular type of measurement error 
and will induce biases in analysis 
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Simulated SLCD 

 

�  Census Dress Rehearsal (2005) linked to 2006 Census 

�  gold linking – name, address, mesh block + census data 

items (treated as truth) 

�  bronze linking – mesh block + census data items 

 

Regression models fitted to gold-linked and bronze- linked 

data give different results 
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Can methodology developed so far significantly redu ce this 

discrepancy? 

 

Logistic model for Naive deviance Adjusted deviance  

Migration 1.63 1.55 

Employment 1.36 1.25 

Student 0.69 0.61 

 

Why? 
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Main components of Chi-square error for bronze migr ation 

model 

 

Source Naive fit Adjusted fit 

Sample bias 1.36 1.36 

Incorrect links (B-B) 0.17 0.12 

Incorrect links (B-A) 0.08 0.07 

 

Real problem is that bronze-linked sample and gold- linked 

sample are not representative of the same populatio n ... 
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Ongoing related research 

 
·  Extension to multilevel models 

�  ARC research project on linked longitudinal data 

·  Linking surveys to registers 

�  Canadian health survey database (with Milorad Kovacevic) 

·  Non-exchangeable models for linkage errors? 

·  Informative linkage (after blocking)? 

·  Errors in blocking variables? 

·  Linkage across multiple databases (longitudinal linkage)? 
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